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Abstract

We present a model of biased promotions: workers differ only by a nonproductive label,
“Blue” or “Red,” and firms favor Blue workers in promotion decisions. In equilibrium, worker
self-sorting implies (partial) segregation and endogenous firm heterogeneity. Large, high-wage
firms offer risky career paths, attracting workers from both groups, whereas small, low-wage
firms offer stable careers that attract only Red workers. Promotion biases can benefit firms
by weakening workers’ outside options and increasing industry profits. The model generates
persistent group differences in promotions, earnings, and career trajectories as an equilibrium
outcome of competitive labor markets.
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“There was a time when women with the highest levels of education were
barred in subtle and more obvious ways from many high-prestige and high-
income occupations and were hired in only a small number of female-

dominated occupations, such as teacher, nurse, librarian, and social worker.”

Goldin (2014)

1 Introduction

While occupational segregation by gender has narrowed, significant gender promotion gaps persist
in high-skilled occupations. Promotion gaps have been documented among central bankers (Hos-
pido, Laeven, and Lamo (2019)), academic economists (Bosquet et al. (2019)), board directors
(Cziraki and Robertson (2021)), lawyers (Azmat, Cuiiat, and Henry (2025)), and bankers (Bir-
can, Friebel, and Stahl (2024); Huang, Mayer, and Miller (2024); Ceccarelli, Herpfer, and Ongena
(2024)), among others. Much of the literature attributes these gaps to biased promotion decisions.
For example, Benson, Li, and Shue (2026) find that women in management-track careers have
better pre-promotion performance than men, yet men are promoted more often based on subjec-
tive assessments of greater “potential.” Minni, Nguyen, and Sarsons (2025) find that managers
from countries with more progressive gender attitudes promote women at higher rates. Cullen
and Perez-Truglia (2023) show that social interactions with managers can explain about a third of
the gender gap in promotions. Although promotion gaps are pervasive and economically conse-
quential, accounting for a substantial share of the gender earnings gap,! their broader labor market
consequences remain largely unexplored.

In this paper, we examine how biased promotion decisions shape labor market equilibrium
outcomes. Specifically, we ask: How do these biases affect firm-level wage structures? Do they
affect labor demand, firm size, and economic efficiency? Do they distort labor supply decisions,
in particular, the career paths workers pursue? Do they contribute to labor market segmentation?
Answering these questions requires a theoretical framework that captures how promotion biases
influence both firm behavior and workers’ career paths.

To address these questions, we present a model of promotions in which workforce size, wages,
and internal career paths are determined in a competitive labor market equilibrium. A key feature
of our model is that top positions carry greater prestige. As Baker, Jensen, and Murphy (1988)

note, employees “value the pay and prestige associated with a higher rank in the organization” (p.

599, emphasis added). We take this idea seriously by explicitly modeling employees’ preferences

over pay and prestige, as in Ferreira and Nikolowa (2024). In the model, some jobs are perceived

ICullen and Perez-Truglia (2023) speak of “a consensus that this gap is primarily due to differences in promotion
rates” (p. 1708). Recent evidence in Arellano-Bover et al. (2024) is also consistent with this view.
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as being of higher quality than others. We can think of “high-quality jobs” as more prestigious
or offering other valuable amenities. The equilibrium features compensating differentials a la
Rosen (1986) in wages and promotion probabilities (see Mas (2025) for a comprehensive review
of compensating differentials models).

The model is as follows. There is a large number of ex ante identical firms. Each firm has
a limited number of high-quality jobs. Workers live for two periods, and have the same skills.
Firms can create several entry-level positions in a “low-quality job,” fill them with young workers,
and then promote a subset of those workers to high-quality jobs. Because all workers are equally
qualified for the top job, workers perceive the promotion decision as a (possibly biased) lottery.
In practice, promotion uncertainty may operate through uneven opportunities to build promotable
skills: access to promotable tasks, high-visibility projects, or mentoring. It may also stem from
within-firm contests that are meritocratic yet uncertain in outcomes. What matters is that workers
view promotions as ex ante random. We call this mechanism a promotion lottery.

We assume that workers differ only by a payoff-irrelevant label, “Blue” or “Red,” yet firms fa-
vor Blue workers when choosing among equally qualified candidates for promotion. This form of
discrimination is “subtle”: it cannot be objectively verified and has no direct payoff consequences
to firms (as in Pikulina and Ferreira (2026)). We interpret subtle discrimination as a form of fric-
tion: firms are unable to commit to promoting Blue and Red workers with equal probability. In
practice, subtle discrimination may take the form of Red workers receiving fewer promotable as-
signments (Babcock et al. (2017); Bircan et al. (2024)) or having less access to mentoring (Athey
et al. (2000); Matsa and Miller (2011); Kunze and Miller (2017)). We treat such biases as exoge-
nously given and abstract from belief updating (Bohren et al. (2019)).

Partly due to the threat of legal action, overt discrimination has become relatively rare, making
subtle discrimination a more relevant phenomenon. For example, subtle biases could manifest
themselves in the form of gender norms, which have been shown to impact gender differences
in labor market outcomes (Cortés et al. (2026)). Bennedsen et al. (2022) show that transparency
about gender gaps increases women’s promotion probabilities, suggesting a role for subtle biases in
explaining gender promotion gaps. Consistent with our modeling of subtle discrimination, Huber,
Lindenthal, and Waldinger (2021) and Ronchi and Smith (2026) show that firms may engage in
discrimination without immediate profit consequences when workers are closely substitutable in
terms of their skills.

When firms are strongly biased toward Blue workers, the equilibrium exhibits firm heterogene-
ity and sorting. Two types of firms endogenously emerge. Mixed firms hire both Blue and Red
workers. These firms create internal labor markets with risky career paths: they hire several entry-
level workers, but promote only some of them to the top-level positions. Blue workers constitute

the majority in Mixed firms and have a higher probability of promotion than Red workers (i.e.,



there is a Blue-Red promotion gap). In contrast, Red firms attract only Red workers. They offer
safe career paths in which employees are promoted with certainty.

Red firms are smaller and pay lower entry-level wages than Mixed firms. Thus, in equilibrium,
high- and low-wage firms coexist. Moreover, the unfavored group (Red) is less likely to work in
high-wage firms, and even when they do, their expected wages are lower due to biased promotion
decisions. Our model therefore offers a new explanation for the evidence that women are underrep-
resented in high-wage firms, and earn less than men in such firms (Bertrand and Hallock (2001);
Card, Cardoso, and Kline (2016); Card et al. (2018); Goldin et al. (2017); Huneeus et al. (2021)).
Crucially, we can rationalize these findings in a model in which firm heterogeneity arises endoge-
nously and is not driven by differences in workers’ preferences. Comparative statics reveal that
wages in Red firms decrease with the promotion bias, while wages in Mixed firms increase with
the bias. Consequently, the wage gap between the two types of firms widens as the bias grows.

Our analysis reveals a striking result: when the bias is large, profits increase with the bias.
The mechanism is that a larger bias weakens workers’ bargaining position, giving firms the up-
per hand in the labor market: the bias functions as an implicit collusion device, depressing the
outside options of Red workers and allowing firms to capture a larger share of the surplus. A di-
rect consequence is that the favored group (Blue) may paradoxically be harmed by a bias in its
favor. Unexpectedly, our model offers a potential rationalization of some postmodern perspectives
that argue that discrimination in the labor market causes worker fragmentation, potentially lim-
iting collective bargaining power. This outcome emerges under perfect competition and rational
expectations.

In our model, competition does not undo discrimination. Because subtle biases are unobserv-
able at the firm level, firm entry cannot drive discriminating firms out of the market. A larger bias
typically induces more firms to enter. Entry may increase Red-Blue inequality and, in some cases,
reduce the utilities of all workers. If the marginal entrant is an inefficiently small Red firm, total
surplus falls with entry, as more workers are employed by firms with suboptimal organizational
structures. With relatively more labor demand coming from inefficiently small firms, workers’
expected earnings fall.

Our paper is related to the literature on promotions and internal labor markets (Doeringer and
Piore (1971); Baker, Gibbs, and Holmstrom (1994)). Huitfeldt et al. (2023) provide large-scale ev-
idence of internal labor markets across several industries in Norway. They find evidence that firms
have multiple internal labor markets with well-defined ports of entry, insider bias in promotions,
and a strong correlation between rank and wages. Using a similar methodology, Ewens and Giroud
(2024) find evidence of internal labor markets in large US firms, characterized by pyramidal hier-
archies and slot constraints on promotions. See also Lazear, Shaw, and Stanton (2018) for a theory

and evidence on the importance of competition for job slots.



The theoretical literature on promotions and internal labor markets is extensive. Classic works
include Lazear and Rosen (1981), Waldman (1984), Prendergast (1993), and Gibbons and Wald-
man (1999), while more recent contributions include dynamic moral hazard models by Axelson
and Bond (2015) and Ke, Li, and Powell (2018). Most of this work emphasizes moral hazard,
selection, or matching as explanations for promotion practices.

Fahn and Klein (2025) emphasize the need for alternative theories of promotions, especially in
light of recent empirical puzzles, such as the evidence on the ‘“Peter Principle” (Benson, Li, and
Shue (2019)). Similar to our work, they present a model in which firms design promotion practices
to extract workers’ surpluses optimally. Their model is based on the exploitation of workers’
overconfidence. In contrast, in this paper (as in Ferreira and Nikolowa (2024, 2025)), firms design
contracts to optimally exploit workers’ combined preferences for wages and job amenities.

There is abundant evidence of managerial biases in personnel decisions other than promotions.
Hoffman, Kahn, and Li (2018) show that biases, rather than superior information, account for the
majority of instances in which managers exercise discretion to select candidates. Using a com-
prehensive audit study, Kline, Rose, and Walters (2022) document evidence of subtle forms of
racial discrimination in hiring by large firms. While audit studies can precisely estimate aver-
age firm-specific biases, unique instances of subtle discrimination remain essentially undetectable.
However, it is unclear whether audit studies can be used to detect biases in internal promotions.

This paper is also related to the extensive literature on discrimination in labor markets (see
Fang and Moro (2011), Lang and Lehmann (2012), and Onuchic (2023) for reviews). Closely
related 1s the seminal work of Lazear and Rosen (1990), who provide the first theoretical analysis
of promotion gaps, in a model where men and women have exogenously different outside options.
In contrast, in our model, Blue and Red workers have endogenously different outside options in
equilibrium because of discrimination. Finally, our focus on the aggregate consequences of small
biases is related to theoretical works on bias amplification, such as Lang, Manove, and Dickens
(2005), Bartos et al. (2016), Davies, Van Wesep, and Waters (2024), Siniscalchi and Veronesi
(2021), and Onuchic and Ray (2023), among others.

In Section 2, we present a simplified version of the model. Section 3 presents the full model.
Section 4 concludes. All proofs are provided in the Appendix. The Internet Appendix provides

analyses of omitted cases and extensions.

2 A Simple Model of Biased Promotions

In this section, we present a simplified version of the model. We assume that there is only one firm,
with a fixed size. As a consequence of this assumption, the model in this section cannot generate

our main results. Instead, the goal of this section is to explain the economic forces and the model’s



underlying logic. We present the full version of the model in Section 3, where we allow a large
number of firms to compete for workers, with no exogenous constraints on the number of workers
they can hire.

For readability, we keep the presentation informal in this section and discuss all proofs in the

text. We postpone a more rigorous and formal analysis to Section 3.

2.1 A Simple Theory of Promotions

Consider an economy with two identical workers who live for two periods. There are two jobs
in this economy. Each job j € {s,h} has a quality attribute 6;, capturing status, responsibility,
autonomy, working conditions, or other positive nonpecuniary amenities. Workers care about job
quality and wages: u(6;,w;). For simplicity, we set u(6;,w;) = Ou(w;), with 6; > 0, u(w;) > 0,
u'(w;) >0and u”(w;) <0 forall w; >0, and «’(0) = c.? Note that the marginal utility of income
increases with the nonpecuniary attribute, which is a standard assumption in the literature on status
(see, e.g., Becker, Murphy, and Werning (2005)). This property is crucial for our main results.

The first job, the standard job, is in excess supply, has attribute 6; = 1, and pays a fixed wage
w per period. We may think of this “job” as self-employment. The second job, the high-quality
Jjob, is in short supply; there is a single firm that can offer one job slot per period. This job has
attribute 6, = 6 > 1.

Suppose the firm lives forever and, at each period, a new cohort of two young workers enters
the labor market, replacing the two workers who retire. The firm can hire only one worker per
period, in which case its per-period profit is T = R;, — wy,, where R;, > 0 is the revenue and wy, is
the wage. Suppose the firm sets wj, at the beginning of a period, and workers apply for the position.

If the firm chooses wy, to fill the vacancy at minimum cost, the wage is determined by
Ou(wy,) = u(w). (1)

If more than one worker applies, the firm chooses one at random. We call this the spot-wage
contract equilibrium. We may think of the selected worker as someone who is “promoted” from
the standard job to the high-quality job.

We contend that a theory of promotions must explain at least four basic facts: (i) wages increase
upon promotion; (ii) workers strictly prefer to be promoted (i.e., there are “promotion rents”);
(111) slot constraints imply rationing of “high-quality” jobs; and (iv) firms create internal labor
markets. This spot-contract theory fails to account for all four required facts: wages decrease upon
promotion (w, < w), promoted workers receive no rents, and there is no rationing or internal labor

markets.

2Qur results also go through under more general utility specifications u(8,w), provided that ug > 0,1, > 0, tty,, < 0
and ug,, > 0 (see Ferreira and Nikolowa (2024)).



There is an additional problem with this theory: The equilibrium implied by (1) is inefficient.
To see this, notice that a worker’s expected per-period utility is
1 1
5 0ulwy) +Su(w) = u(w). 2)
Because 6u/(w}) > u’(w), if a (hypothetical) social planner changes wages to w; + A and w — A
for A > 0 small, the aggregate wage bill is unchanged, and the workers’ expected utility becomes

1 1

Eeu(w}:—{—A)—i—Eu(m—A) > u(w). 3)
Thus, this is a Pareto improvement, implying that choosing w}, is socially inefficient. The source
of inefficiency is that marginal utilities are not equalized when (1) holds. Note that this happens
because 0 > 1 (i.e., the high-quality job is more desirable than the standard job).

The possibility of a Pareto improvement implies that the firm does not maximize its profit by
choosing w} as in (1). To consider an alternative solution, suppose the firm sells “lottery tickets”
to both workers for a fee. The firm hires the winner of the (fair) lottery for a wage wy,, and the
loser works in the standard job. Without loss of generality, assume that only the loser pays a fee, f
(equivalently, we can interpret wy, as the “winning” wage net of the fee). The workers are willing

to enter the lottery if

1 1
5 0ulin) +su(w— 1) = u(w). “4)
The firm chooses (f,W;) to maximize its profit, # = R, — Wy, + f, subject to the participation

constraint in (4). The first-order conditions imply

u'(w—f*) = 0u' (W}). (5)
The solution (W}“l, f*) must satisfy (4) (with equality) and (5). We call this the spot-lottery contract
equilibrium. Because the firm may choose f = 0 if it wishes, it must do at least as well under
spot lotteries as under spot wages. Since setting f = 0 in (5) implies w;, > w, the participation
constraint is slack at this wage, and the firm can increase its profit by charging a strictly positive
fee. Thus, we must have f* > 0.

At first blush, it might seem puzzling that risk-averse workers are willing to pay for lotteries
with negative net expected values. The reason for this behavior is that the attribute 6 > 1 effectively
makes workers behave as if they are risk lovers. Formally, utilities are state-dependent, and the
marginal utility is higher for all wage levels in state 4 (i.e., when the worker is assigned to the high-
quality job) than in self-employment. The spot-lottery contract exploits this convexity, thereby
increasing the firm’s profits. Crucially important is the assumption that job assignments affect the

marginal utility of income.’

3 Auriol and Renault (2008), Auriol, Friebel, and Von Bieberstein (2016), and Ferreira and Nikolowa (2024) make
this assumption in models of promotions. The literature on status similarly assumes that status increases the marginal



The spot-lottery contract resembles a promotion tournament. Crucially, wages increase upon
“promotion” (W; > w), promoted workers enjoy rents (u(W} ) > u(w)), and high-quality jobs are
rationed. However, we still lack an internal labor market.

The practical relevance of spot-lottery contracts is questionable. While we often see modest
application fees for positions, it is unlikely that such fees are sufficient to compensate firms for
raising wages above the outside market level. The primary practical challenge in implementing
spot lotteries is that firms may struggle to collect substantial fees from liquidity-constrained ap-
plicants. In our simple model, this could arise because the outside wage w cannot be pledged,
either because of legal constraints (e.g., the worker would need to pledge a significant share of her
future income to pay fees for unsuccessful job applications) or because w is not a wage but the
money-equivalent of a bundle of pecuniary and nonpecuniary benefits of self-employment.

If firms cannot charge substantial application fees, they may still use their productive technolo-
gies to extract more surplus from workers who value the high-quality job. Suppose that the firm
may create (at no cost) a new job, which we call job /. We assume that this job has attribute 6; = 1
(as the standard job). The firm can create as many positions as it wants for this job. Each filled
job-I position yields revenue R;, but we assume u(R;) < u(w), so these jobs are individually inef-
ficient. This implies that the firm does not create job-/ positions under either spot-wage contracts
or spot-lottery contracts. However, the firm now has the option of offering the following long-term
employment contract to each young worker: “You work in job [ for wage w; while young. When
old, with probability 0.5 you will be promoted to job 4 and earn wage w;,.” We call this contract
a promotion-lottery contract. This contract creates an internal labor market for the two workers,
with an “up-or-out” structure; the worker who is not promoted will prefer to leave the firm and
earn w in the standard job.

The workers will accept the promotion lottery contract if (assuming no discounting)

(1) + 3 0u(y) + Ju(w) > 2u(w) ©
The firm chooses (W;,W;,) to maximize its profit, & = R, — wy, + 2(R; —W;), subject to the partici-

pation constraint in (6). The first-order conditions imply
u'(wp) = 0u' (). (7)

This condition implies that wages must increase upon promotion. A promotion premium exists
because the marginal utility of money is higher at the top job. Tournament models also predict
a promotion premium, but for different reasons. In classic tournament models in the tradition

of Lazear and Rosen (1981), promotion premiums are used to incentivize workers to exert non-

utility of income; see Hopkins and Kornienko (2004), Becker, Murphy, and Werning (2005), and Ray and Robson
(2012), among others.



contractible effort. In market-based tournaments (Waldman (2013)), promotion premiums exist to
retain high-skilled workers who have been promoted. By contrast, in promotion-lottery models,
workers are (productively) identical, and there is no non-contractible effort. Promotion premiums
exist because cost-minimizing contracts must equalize workers’ marginal utilities across jobs. In-
tuitively, if marginal utilities differ across jobs, workers are willing to pay a price to transfer wages
from the job with lower marginal utility to the job with higher marginal utility.

Contract (w;,w) ) is still inefficient relative to (f*,#; ) because working in job / is an inefficient
way to pay for the promotion lottery. However, if charging fees is infeasible, the promotion lottery
is the second-best contract, as long as the profit under promotion lotteries is larger than the profit
under spot wages: if #* > R, —w}, < W) —w) <2(R; —w)).

Promotion-lottery contracts exhibit several key properties of internal labor markets observed in
the real world, including a positive correlation between pay and rank, insider bias in promotions,
rationing of top-level jobs, and the presence of ports of entry, all without invoking incentive issues,
asymmetric information, or learning. Of course, a promotion-lottery contract can also be used
when some of these other features are present. For example, suppose that before being assigned to
job h, a worker must first acquire “managerial skills” by performing a task; call it the “promotable
task.” Suppose that only one worker in job / can be assigned to this task, and that in the second
period the firm always promotes the worker assigned to the promotable task. Thus, from the
workers’ perspective, the employment contract is a lottery because before joining the firm, workers
do not know who the firm will assign to the promotable task.

For concreteness, from now on, we assume that promotions are strictly meritocratic: the firm
always promotes the worker with managerial skills. That is, there are no “ties” when competing for
promotion. However, an element of randomness remains if the firm hires two (or more) workers
for job [ because workers do not know who will be assigned to the promotable task. Our simple
model shows that the firm strictly prefers not to commit: profit is maximized exactly when the

assignment of the promotable task is (perceived as) random.

2.2 Biased Promotions

Suppose now that the two workers have different labels, i € {b,r}, for Blue and Red. As in Pikulina
and Ferreira (2026), labels are observable and productively irrelevant. The firm offers a promotion-
lottery contract to each worker. Let p; denote the probability that type i is assigned to the pro-
motable task after joining the firm. Since that assignment determines promotion deterministically,
we also refer to p; as the promotion probability.

The firm is biased towards Blue: the promotion probabilities are p;, = % and p, = %

for Blue and Red, respectively, where f8, € [0,1]. Let p, — p, = B, > 0 denote the subtle bias



towards Blue. We assume that subtle biases are exogenously given and fixed, that is, we abstract
from belief updating (Bohren et al. (2019)). Promoting either Blue or Red does not directly affect
the firm’s payoff. Technically speaking, the lack of direct payoff consequences implies that subtle
discrimination is neither taste-based nor statistical discrimination.*

The existence of a subtle bias implies that the firm cannot commit to a fair promotion lottery.
In addition, we assume that the firm cannot overtly discriminate: wages (W;,w;,) must be the same

for both worker types. Now, the lifetime participation constraints are type-dependent:

i) + 5P o) + L5 Prutw) > 2u(w) ®
for the Blue worker, and
i)+ 5P 0uliin) + 1 Pou() > 2u(w) ©)

for the Red worker. To preserve the property the high-quality job remains desirable to Red, assume
(1 —Bp)6 > 1. Because we must also have Ou(wy,) > u(w) in equilibrium (otherwise the firm is
unable to retain any old worker in job /), we have that (9) implies (8). Thus, the firm chooses
(W;,Wy,) to maximize its profit subject to (9).
The first-order conditions imply

w () = (1= By) 0u' (7). (10)
Note that, as before, wages increase upon promotion. However, unlike the unbiased case, marginal
utilities are not equalized across jobs. The marginal rate of substitution between wages in each job
(i.e., the ratio of marginal utilities) is now 1 — 3. Intuitively, the bias 3, reduces the expected value
of the wage in the top job for the Red worker. The firm chooses its optimal contract to equalize the
Red worker’s marginal utilities as perceived by her.

Condition (10) implies that the equilibrium is inefficient (relative to the second-best, i.e., unbi-
ased promotion lotteries). To see this, note that the firm’s equilibrium profit is decreasing in S8,
which implies that the firm would prefer to be unbiased. Thus, we can think of 3, as a friction:
firms with positive subtle biases are unable to commit to a fair promotion lottery. This friction im-
plies a smaller promotion premium (W; — W) than the second-best. In other words, the bias against
Red workers reduces wage inequality between young and old workers within the same firm. But
this is a reduction in “good inequality,” in the sense that the second-best requires a larger promotion

premium.

“pikulina and Ferreira (2026) rationalize 3, as the limiting case of a model where workers have small observable
differences, and a biased decision-maker has private information about the workers’ productive abilities. The bias
is subtle because, given the near-identical observable worker productivities, the decision-maker may use his private
information to justify any subjective decision; i.e., he can plausibly deny being biased.

SDifferentiating the Lagrangian with respect to f3, yields —%[Gu(%ﬁ) —u(w)] <0, where 1 is the (positive)
multiplier.
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We conclude that a subtle bias towards one type of worker can lead to flatter career wages (i.e.,
smaller promotion premiums), lower profits, and a less efficient employment contract. However,
the simple model in this section has one main limitation: there is a single monopsonistic firm. In

the next section, we extend the model to allow for multiple firms that compete for workers.

3 Biased Promotions in Equilibrium

In this section, we extend the simple model from the previous section to allow for competition in
the labor market. All proofs are in the Appendix. The footnotes provide further discussions on the

assumptions.

3.1 Setup: Firms, Workers, and Contracts

There is a mass F of identical, infinitely-lived firms indexed by 7 € [0, F]. We take F as given until
Subsection 3.7, where we endogenize F by allowing for firm entry. Time is discrete, and there is
no discounting. In each period, a firm may have vacancies in two (indivisible) jobs, & and /. A
worker can perform only one job per period. Firms have a fixed supply of slots in job &, which we
set to 1. Firms can also employ a mass n > 1 of workers in job /. There are no slot constraints for
job [; firms can create as many [-job slots as they wish (i.e., n is a choice variable). A firm receives
revenue R; > 0 per period for each unit mass of workers employed in job j € {A,! 1.6

In each period, a mass E > F of young agents enters the labor force and retires after two
periods. Each agent has an observable, productively irrelevant label i € {b,r} for Blue and Red.
The proportion of type-i agents in the population is o;, with o, + & = 1. As in the previous
section, agents derive utility 6;u(w;) from money and job attributes. Job [ has attribute 6; = 1 and
job h has attribute 8, = 6 > 1. All agents—regardless of their labels—have the same preferences.
We denote the (per period) utility of an unemployed (or self-employed) agent by u. We assume

Assumption 1. (i) u(R;) + Ou(Ry,) > 2u and (ii) u(R;) < u.

Assumption 1(i) is necessary for promotion lotteries to be (constrained) efficient. Assumption
1(ii) implies that firms do not want to offer / jobs as ““standalone jobs;” [ jobs exist only as part of a
promotion lottery leading to job 4.7 From now on, we normalize the unemployment utility to zero:
u=0~0.

The technology exhibits constant returns to labor; revenue from job [ increases linearly with n at a constant
marginal rate R;. We chose this specification for simplicity. Our results can also be derived using an alternative model
in which the marginal productivity of labor, R;(n), is decreasing in n.

"The “inefficient job” assumption, 1(ii), is needed only because of the constant returns technology. Under a tech-
nology with decreasing returns, employing few workers in job / may be efficient, but in equilibrium firms would hire
too many workers and the marginal appointment would still be inefficient.
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We assume that firms compete in the labor market by offering long-term employment contracts
to young workers, which are designed as promotion-lottery contracts. In these contracts, young
workers perform job [ (the entry-level job) for one period. In the second period of employment,
workers who have acquired managerial skills are promoted to job /; those who fail to be promoted

leave the firm.8

Each firm has a unit mass of promotable tasks per period. Firms commit to
assigning only insiders to promotable tasks but retain discretion over whom to assign to these tasks.
Firms attract job applicants by advertising and committing to n, which is the number of vacancies
for job [, and a career wage schedule, (wl,wh), where w; is the (per unit mass of workers) wage
for job j € {I,h}. We call ¢ = (n,w;,wy,) an employment contract.’ A firm’s per contract profit is
thus

775(6‘) :Rh—wh+n(Rl—wl). (11

3.2 Promotion Probabilities

Let p; denote the belief that a type-i worker has about his/her promotion probability under a given
contract. That is, type-i workers expect to be promoted with probability p; and to be fired when
old with probability 1 — p;, in which case they become unemployed and enjoy utility u = 0. If
n = 1, the contract implies a degenerate promotion lottery: all entry-level workers are assigned to
the promotable task and are later promoted to job h. Thus, if n = 1, workers expect a safe career
path: they expect to be promoted with probability p; = 1. If n > 1, not all workers can be promoted
and thus p; < 1, implying that workers face a risky career path.

Belief p; may depend on the worker’s label, i. If p, # p,, workers expect promotions to be
biased. To model such biases, we extend Pikulina and Ferreira’s (2026) notion of subtle discrimi-
nation to the case of n agents. To make the analysis more intuitive, we interpret n (the number of
workers) as an integer in this subsection.

Let n; denote the number of workers of type i € {b,r} hired under contract ¢, with n, +n, = n,
and g = ?2 denote the expected proportion of Blue workers who are hired under this contract.
Denote the probability that a specific type-i worker is assigned to the promotable task by p;(n,q).
The probability that the firm promotes one of the n; type-i workers is thus n;p;(n,q). We define the
firm’s bias towards Blue workers as:

Br(n.q) = nlgpp(n.q) — (1 —q)pr(n,q)] — (2 - 1). (12)

The first term on the right-hand side is the probability that the promoted worker is Blue minus the

8The “out” part of the up-or-out contract is not strictly necessary and should not be taken literally. It is straightfor-
ward to extend the model to allow unpromoted workers to remain at the firm.

To streamline the analysis, we assume that a dismissed worker receives no compensation from the firm. While
severance compensation can sometimes be optimal (as shown in Ferreira and Nikolowa (2024)), its availability does
not affect the optimality of promotion lotteries or the qualitative features of the equilibrium.
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probability that the promoted worker is Red. The second term is the same difference of probabili-
ties if the firm is unbiased.
To pin down the probability of promotion, we take an axiomatic approach and impose three

intuitive properties on the probability function.

Assumption 2. p;(n,q) must satisfy the following axioms:
Axiom i.  Monotonicity: p;(n,q) decreases with q.

Axiom ii.  Size Invariance: p;(n,q) is homogeneous of degree minus one in n, that is, p;(zn,q) =
@ forall z > 0.

Axiom iii. Constant Returns: Probability changes due to proportion changes are independent
of proportion levels, that is, p;(n,qo + €) — pi(n,qo) is independent of qo for any
€< 1—qo.

Axiom (i) states that a higher share of Blue workers makes promotion harder for all workers.
Axiom (ii) implies that promotion probabilities scale inversely with the number of candidates: in
an unbiased promotion lottery, doubling the number of workers halves each worker’s promotion
probability. We assume that scaling carries over to the biased case, so the bias is invariant to
firm size. Axiom (iii) ensures that the firm does not become intrinsically more or less biased as
the proportion of Blue workers changes. Together, axioms (ii) and (ii1) imply that firms remain
equally biased in equilibrium, even when they differ in size and workforce composition. The

following proposition shows that Axioms (i) - (iii) are sufficient to determine the function p;(n,q).

Proposition 1 (Biased promotion probabilities). Axioms (i) - (iii) imply that the individual pro-

motion probabilities are

1_
and py(n.q) = n‘m , (13)

1+(1-¢)B

py(n.q) =

where parameter B € [0, 1] measures the intensity of the bias.

Note that § = 23,(2,0.5). For the remainder of the paper, we assume that workers expect all
firms to be equally biased, that is, all firms share the same [3.10

We interpret p;(n,q) as a friction: firms cannot commit to a fair promotion rule. Note that
pi(n,q) is a belief; the actual promotion probabilities are unobservable and ex post unverifiable,
implying that firms cannot contract on promotion probabilities or adopt promotion quotas for Red

and Blue (as these amount to overt discrimination).

10 For pp(n,q) to be lower than 1 for any 8, we need 1 — g < n— 1. In a discrete setting, we must have at least
two people, implying n > 2 = p,(n,q) < 1. However, for convenience, we later work with a continuous n, thus it is
technically possible that n € (1,2). To streamline the exposition, we will henceforth ignore this case, but discuss it in
the proofs where appropriate.
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3.3 Equilibrium Conditions

We model the matching process of firms and workers as arising from directed search. First, all
firms simultaneously post (and commit to) contracts. Each firm can post a single contract. Then,
all young workers apply for jobs. Workers and firms are infinitesimal and, thus, ignore strategic
considerations (i.e., search is competitive, in the sense of Wright et al. (2021)).

Suppose firm T posts contract ¢z = (ng,wir, W), while the set of contracts posted by all
other firms is C_;. We denote the set of all contracts by C = {c¢;} UC_; and refer to the “self-
employment” contract as c. If more than n; workers apply to the firm, it must randomly choose
among them with equal probabilities, regardless of their types. That is, we assume that firms’
hiring decisions are unbiased, unlike their decisions to allocate promotable tasks.'!

Let g(c¢,C—¢) denote the proportion of Blue workers firm 7 expects to hire when it offers
contract ¢; and the set of contracts offered by all other firms is C_;. Function ¢(c¢,C_1) represents
agents’ beliefs. We assume that all workers and firms share the same beliefs. A type-i worker’s

lifetime utility under c; when all other firms offer C_ is

Ui(cr,c—r) = M(Wlf) +Pi(nr,Q(Cr,C—r))eu(Whr), (14)
where p;(n,q) is given by (13). Define

Ui(ce,Cog) = Cegaj{c} Ui(c,C—{c}). (15)

That is, U;(cz,C_¢) is the maximum utility a type-i worker obtains when free to choose any con-
tract in C_ or the self-employment contract, ¢ (which gives utility u = 0).

Let Wiz(cg,C—r) be the mass of workers of type i who apply to firm 7. We can think of
Uiz(cz,C—z) as firm T’s residual labor supply function, that is, the supply of type-i workers to
firm 7 given the contracts of all other firms. We impose the following condition on the residual

supply functions.

Condition 1 (Labor Supply Functions). Forall T € [0,F| and i € {b,r}, the residual labor supply
functions iz (cz,C—r) must have the two following properties:

1. Symmetry: If ¢z = ¢y, then Wir(ce,C—1) = Wiy (¢, C_pr).

2. Perfect Elasticity:

‘LL' (C C ) _ ani(C’Cac—T)a i]cUi(CT,C_T) Z Ui(c’[,c—’[)
1T\t —1 O’ l:fUi(Cr,C—f) < U,’(CT,C_C)’

"This assumption is made to streamline the presentation and is without loss of generality. In a competitive equilib-
rium, contracts adjust so that there is no rationing of jobs. Thus, each firm receives the same number of applications as
the number of vacancies it posts, and subtle biases in hiring have no impact on whom it hires in equilibrium. While hir-
ing biases may still affect off-path behavior, the equilibrium set we consider can be sustained under the same off-path
conditions we discuss below.
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where qp(ce,C—1) := q(ct,C—z) and qr(c1,C—z) :=1—¢q(c7,C—z).

Condition 1.1 says that workers perceive two firms offering the same contract as equivalent. In
other words, the firm index 7 does not affect workers’ decisions to apply for vacancies. Condition

1.2 implies that firms are “price takers” in the labor market:'?

they view their residual supply of
workers as perfectly elastic. All else being constant, if a firm offers a contract that is weakly better
than the competition, it will fill all of its vacancies. Conversely, if a firm offers a contract slightly
inferior to the competition’s, it attracts no workers.!3

We define an equilibrium as follows.

Definition 1 (Equilibrium). An equilibrium is a set of contracts C* = {c% : T € [0,F|}, beliefs
q(cz,C—z), and symmetric and perfectly elastic residual labor supply functions Wiz(ct,C—z) such
that:
1. Firms maximize profit subject to their residual labor supplies: If c; € C*, then
ck € argmax, 7(c) subject to liz(c,C* ;) > 0 for at least one i € {b,r};
2. Supply equals demand: ny = Wy (ci,C* ) + U (c5,C* L), forall T € [0,F];
3. Firms and workers have rational expectations: Wy (ci,C*.) = q(ct,C* 1) [Upr(ci,C L) +
Uz (c5,C* )] for all T € [0,F];
4. Aggregate labor supply is feasible: fOF Uiz(ck,C*)dT < oiE fori€ {b,r}.

Part 1 states that firms choose contracts to maximize profits, subject to workers maximizing
utility, assuming all other firms’ contracts are given. Part 2 implies that each firm’s labor demand
equals its residual labor supply. Part 3 requires agents to have rational expectations in equilibrium;
that is, beliefs must be consistent with equilibrium play.

Part 4 requires aggregate labor supply to be no greater than the mass of workers in the sector.
If Part 4 holds with equality, we have a (fully) tight labor market equilibrium: all workers are
employed by the firms in the sector. If, for only one type i € {b,r}, we have that Part 4 holds
with strict inequality, we have a partially tight labor market equilibrium, where we may have
unemployed workers of one type. Finally, if Part 4 holds with strict inequality for both types,
we have a slack labor market equilibrium, in which some workers of both types are unemployed.
Because only under tight labor markets is there effective competition among firms, from now on,
we restrict attention to (partially or fully) tight-labor-market equilibria.

Our equilibrium conditions are insufficient to guarantee the uniqueness of the equilibrium.

There are two potential sources of equilibrium multiplicity. First, Definition 1 does not constrain

120r, more precisely, firms take the set of competing contracts, C_;, as given.

I3A possible microfoundation for Condition 1.2 is Bertrand competition in the labor market. In our model, firms
have an optimal “capacity” (i.e., an optimal number of workers given market conditions); therefore, Bertrand com-
petition does not imply zero profits. This is reminiscent of Kreps and Scheinkman’s (1983) classic model of price
competition under capacity constraints.

15



beliefs off the equilibrium path. Second, there might be more than one set of contracts, beliefs, and
supply functions that satisfy all conditions in Definition 1. The next condition places restrictions

on beliefs off the equilibrium path.

Condition 2 (Off-equilibrium-path beliefs). Let C* denote an equilibrium set of contracts and
q: = q(ct,C* ;) for all T € [0,F). For any deviation ¢ # c by firm 7, its associated belief must
be

1. Individually Rational:

Q(Cg’cir) = {

1 if Up(cd,C*p) >Up(cd,C* ;) and U, (c,C* L) < U, (cd,C* )
0 if Up(cd,Cc*,) <Up(cd,C* ) and U (cd,C* ) > U, (cd,C* )

2. Perfectly Competitive (whenever possible): if q; is individually rational under (CT,C* ),
then q(c,C* ) = q.

In words, Condition 2.1 requires off-path beliefs to be consistent with workers’ individual
rationality (i.e., participation) constraints. For a deviation contract C‘Tl, if a Blue worker’s IR con-
straint holds but a Red worker’s doesn’t, everyone expects only Blue workers to apply to contract
¢?; individual rationality thus requires ¢(c?,C* ;) = 1. Similarly, if a Red worker’s IR constraint
holds but a Blue worker’s doesn’t, everyone expects only Red workers to apply to contract c‘rl,
and thus g(c?,C* ;) = 0. While it is reasonable to impose individual rationality on beliefs, it is a
weak constraint: for any given set of contracts (¢?,C* ;), there is generally a large set of beliefs
q(c?,C* ;) that are consistent with individual rationality. In particular, if both IR constraints hold
or if both don’t hold, individual rationality places no restrictions on g(c¢,C* ,).

We say that an off-path belief ¢(c¢,C* ) is perfectly competitive if it is equal to the equilibrium
on-path belief, g;. In the spirit of perfect competition, Condition 2.2 requires that firms take g} as
given: as long as contracts are compatible with the workers’ participation constraints, firms cannot
manipulate the proportion of each type of worker that applies to them. We need the “whenever
possible” qualifier because, in some cases, setting g(c?,C* ) = ¢ will violate the individual ratio-
nality condition (Condition 2.1).! In such cases, Condition 2 requires only individual rationality,
and beliefs must change after such a deviation.

While the equilibrium is often unique, multiple equilibria may exist for some parameter con-
stellations. Our qualitative results do not depend on which equilibrium firms and workers coor-
dinate on. Let U/ denote the equilibrium lifetime utility of a worker of type i. Note that U;" is
well-defined because competition implies that all workers of the same type must have the same

equilibrium utility. For simplicity, when equilibrium multiplicity persists, we assume firms and

14This happens if and only if, under belief ¢(c?,C* ) = ¢, we have either g% > 0 and U, (c?,C* ) < Up(c4,C* ;)
and U, (c%,C* ;) > U, (c%,C* ), or g < 1 and U,(c?,C* ;) < U,(c?,C* ;) and Uy (c?,C* ;) > Up(cd,C* ).
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workers coordinate on the equilibrium with the maximum U} (i.e., Red workers’ equilibrium util-

ity).

Condition 3 (Equilibrium selection). If there are multiple equilibria, select the equilibrium with
the largest U}:.

Condition 3 implies that Red workers are not harmed by coordination failures. While not
necessary for our qualitative results, we impose Condition 3 to clarify that the impact of biased

promotions on Red-Blue inequality is not caused by the selection of a “bad equilibrium.”

3.4 Benchmark: Unbiased firms

As a benchmark, we assume there is only one type of worker, say b, so that o, = 1; we temporarily
drop the subscript i for notational simplicity. For each contract c; = (ng,w;z,wpr), we must have
q(cz,C—_7) =1, and all workers must have the same probability of promotion, p(ng, 1) = nl—T A
worker’s lifetime utility under contract c¢ is

1
Uler) = u(wiz) + —0Ou(wr), (16)

T

and a firm’s per-contract profit is
JT(CT) :Rh—whf—i—nT(Rl—WlT). (17)

Note that Rj, is simply a profit shifter, that is, it is a “free parameter,” which we assume to be
sufficiently high so that Assumption 1 holds and firms are willing to operate (i.e., profits are non-
negative).

Assuming the parameters are such that a tight-labor-market equilibrium exists, the following

proposition shows that it is unique and that all firms offer the same contract.

Proposition 2 (Unbiased equilibrium). There is a unique tight-labor-market equilibrium contract

c* = (n*,wf,w}), which is offered by all firms.

Three intuitive conditions determine the equilibrium (see the proof of Proposition 2 for the

omitted steps). First, the marginal utilities in each job must equalize:
u'(w)) = 0u' (wy). (18)

This condition is the same as in the simple model of the previous section and implies that wages
must increase upon promotion.

Second, we have

(19)



This condition equates the marginal productivity of job /, R;, to the marginal cost of hiring young
workers. An additional worker costs the firm w; plus the monetary equivalent of the worker’s
expected utility from job h. A worker’s expected utility from job /4 is her lifetime utility minus
the utility from job I, U(c*) —u(wj). This value is converted into dollars by dividing it by the
marginal utility of money, «'(w;). Intuitively, if (19) does not hold, firms would like to either
increase or reduce the number of job positions they offer. Condition (19) is analogous to the
requirement for equalizing wages and marginal productivities in spot labor markets. It implies
that, under a promotion-lottery contract, the entry-level wage must be lower than the (period 1)
marginal productivity of young workers.

Finally, supply and demand under a tight labor market imply n* = E/F.

The equilibrium of this benchmark model is constrained-efficient. To see this, notice that the
assignment of workers to job /& must involve some kind of lottery, because the supply of 4 jobs
is F < E, and jobs are indivisible. We know from the previous section that, in such a case, the
efficient contract involves firms charging workers application fees. However, if firms cannot collect
fees from job applicants, the second-best solution is to use promotion lotteries in which workers
are initially assigned to job /. Conditional on the use of promotion lotteries, efficiency requires
equalizing marginal utilities across the two jobs, as in (18), and equalizing marginal productivity
to marginal cost, as in (19).

Suppose now that o < 1. As a second benchmark, we temporarily assume that firms are
allowed to “overtly discriminate,” that is, firms may offer contracts that are exclusive to a type of
worker, i € {b,r}. Denote such contracts by c¢;, and ¢,. When firms are subtly biased, workers care
about their coworkers’ identities because they compete for the same promotable tasks. Suppose a
firm hires workers of both types. Then, the firm must offer the same wage for the high-level job
to both types: wp, = wy,; if not, the firm will assign the cheapest type to the promotable task, and
the other type will not accept the contract. Under the same top wage, biased firms are more likely
to promote Blue workers. Thus, under the same contract, workers—both Blue and Red—prefer to
work in firms with fewer Blue workers.

An equilibrium in which some firms have a mixed workforce of Blue and Red workers does
not exist. To see this, note that a firm would want to hire both worker types only if they cost the
same. However, because Red workers have a lower probability of promotion than Blue workers,
they have lower utility. Thus, the firm would strictly prefer to hire only Red workers, who would
accept a contract at lower career wages, provided they do not have to compete with Blue workers

for promotion.
0

Formally, let c? denote a contact offered to type i where n; = 0. That is, a firm that offers c;
overtly discriminates against type i by refusing to hire workers of that type. Let ¢; = ¢* denote

the benchmark contract defined in Proposition 2 when offered to type i only. We then have the
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following result.

Proposition 3 (Overt-discrimination equilibrium). If overt discrimination is possible, in a tight-
labor-market equilibrium, only two contracts are offered, (cz,c(r)) and (cg,c’;). The equilibrium is
symmetric and displays full segregation: oF firms hire only Blue workers and (1 — ap)F firms

hire only Red workers.

Proposition 3 implies that, as long as firms can overtly discriminate by offering different con-
tracts to Blue and Red workers, subtle biases do not matter. The unique segregated equilibrium
is efficient and egalitarian: both Blue and Red workers expect the same wages and have the same
expected utility. Thus, the equilibrium contracts in both benchmark cases (Propositions 2 and 3)
are the same. We conclude that subtle biases do not distort equilibrium contracts, as long as firms
are allowed to discriminate explicitly and become fully segregated.

Overt discrimination is an unappealing feature. What remains unmodeled are the potential
externalities from segregation. For example, segregation may reinforce stereotypes and biases,
with negative societal consequences. It may also affect the perceived quality of the different jobs,
here assumed to share the same 6.!5 With different job qualities, wages would also differ, and
inequalities in career opportunities would arise.

For several good reasons, most advanced economies have made overt discrimination illegal. An
unintended consequence of this trend is that firms cannot use employment contracts to “de-bias”

their promotion practices.

3.5 Equilibrium Characterization

We now characterize the equilibrium set. Both Blue and Red workers have strictly positive mass,
o; > 0 for i € {b,r}. Contracts take the form c¢; = (nf,wlf,whf) (i.e., contractual discrimination is
not possible).

We denote an equilibrium by (C*,it,q), where p and g are shortcuts for equilibrium resid-
ual labor supply and belief functions. We say that an equilibrium displays full segregation if
q(ct,C* ;) € {0,1} for all T € [0,F]. That is, in a full segregation equilibrium, there are no firms
with a mixed workforce. We say that firms are ex post homogeneous if ¢ = ¢* for all T € [0,F].
That is, firms are ex post homogeneous if they all offer the same contract in equilibrium. The
following result shows that there is no full segregation equilibrium with ex post homogeneous

firms.

Lemma 1 (No full segregation under homogeneous firms). There is no equilibrium with ex post

homogeneous firms and full segregation.

15See Goldin (2014) for a theory in which job prestige and segregation are endogenously determined.
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Proposition 3 shows that firms can sustain full segregation by offering economically identical
but group-specific contracts. Lemma 1 establishes that this outcome relies on overt discrimination:
once firms are restricted to non-discriminatory contracts, full segregation with ex post homoge-
neous firms is impossible. The intuition is straightforward. With all firms offering the same risky-
career-path contract, in a fully segregated configuration, Blue workers would be strictly better off
applying to all-Red firms. Full segregation is therefore possible only if firms offer economically
distinct contracts that endogenously sort workers.

The next proposition shows that in a (partially or fully) tight-labor-market equilibrium, at most

two (ex post) types of firms may coexist.

Proposition 4 (At most two equilibrium contracts). In an equilibrium with (partially or fully)
tight labor markets, a fraction s* € (0, 1] of firms offer contract c;;,, = (ny,,w}, ,w} ), and all other

firms offer contract ¢} = (1,w} ,w},). Blue workers apply to contract c;;, only.

Proposition 4 shows that any equilibrium features at most two contracts: a risky-career-path
contract and—if it exists—a safe-career-path contract. Intuitively, firm heterogeneity requires dis-
tinct contracts that deliver the same equilibrium profit; since the optimal risky-career-path contract
is unique, no two such contracts can coexist. Proposition 4 also implies that contract ¢ attracts
only Red workers, while contract c;, may attract both worker types. Accordingly, we call firms
offering ¢ Red firms and firms offering ¢, Mixed firms (for simplicity, we keep this terminology
even when c;, attracts only Blue workers).

In the Internet Appendix, we show the full set of conditions that characterize the equilibrium
contracts. Here we briefly discuss some of these conditions. For brevity, in what follows we focus
on the case where Mixed firms are strictly mixed (i.e., the mass of Red workers in such firms is
non-zero).1©

A positive promotion bias (8 > 0) implies that Red workers have lower promotion probabilities
than Blue workers. Thus, we must have U < U}, implying that Red workers are cheaper to
employ. A Mixed firm must therefore bind the participation constraint of Red workers, yielding
the following marginal condition:

Ul —u(w;, )
R; :W;kmeru’T}*)lm
m

This condition is equivalent to (19), and thus implies that the marginal productivity of Red workers

(20)

equals their marginal cost to the firm. Note that the bias  does not directly affect this condition,
but may do so indirectly through U;". We show in the proof of Proposition 2 that w;, is decreasing

3 *
mU,.

16The case of Mixed firms that attract Blue workers only is covered in the Appendix.
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The second marginal condition for profit maximization is

u' (W) = 0(1—q"B)u' (wh,,)- 21)

As before, wages increase upon promotion.!” As in (10), marginal utilities are not equalized across
jobs: the bias B reduces the expected value of the top job for Red workers.

If all firms are mixed, they must offer the same contract c},, and the optimal number of workers
per firm in a fully-tight labor market must be n,, = % If, instead, contracts cj, and c; coexist,
they must deliver the same profit, (c};,) = m(c}). In this case, ¢} is determined by Red workers’

indifference between ¢}, and ¢}, u(wj,) + Ou(wj ) = U}, and the marginal condition for Red firms:
£ () = 0 (w} ). 2)

In Red firms, wages also increase upon promotion, and Red workers’ marginal utilities are equal-
ized across jobs. While Red firms choose wages efficiently given their career structures, the mere
existence of these firms indicates resource misallocation because, in the benchmark model, all
firms should offer risky career paths. Thus, Red firms are inefficiently small. By the same to-
ken, Mixed firms are too large. Intuitively, biased promotions in some firms distort economy-wide
career opportunities.

The next proposition shows that, for sufficiently large 3, firms must be ex post heterogeneous

in equilibrium.

Proposition 5 (Firm heterogeneity). Suppose an equilibrium with (partially or fully) tight labor
markets exists for any B € [0,1]. There exist Buax > Bmin > 0 such that:

1. For B < Buin, all firms offer the same contract c;, = (ny,,wy, ,wy, ) in equilibrium.

2. For B > Buax, in equilibrium, a fraction s* € (0,1) of firms offer ¢}, = (njy,,w},,w;, ) and

all other firms offer ¢; = (1,w},,wy,).

Proposition 5 shows that ex-post firm heterogeneity arises only if the bias is sufficiently strong.
The intuition is as follows. If the bias is zero, all firms must offer the benchmark equilibrium
contract ¢* as in Proposition 2. In this case, without loss of generality, we can assume that all firms
have (identical) mixed workforces. As f increases, by continuity, a single contract must remain

the unique solution until 8 > B, > 0.

7We note that 8(1 —¢*B) > 1 in a tight-labor-market equilibrium.

21



A. As a function of 3 and 6 B. As a function of 8 and e

35

4.0

I. Mixed-Firm Equilibrium II.A. Partial Segregation:

Mixed and Red Firms
304

3.54
254

© 201 © 3.0

154

2.5
104 11.B. Full Segregation:

Blue and Red Firms

1. Mixed-Firm I.A. Partial Segregation: /II.B Full Segregation:
54 Equilibrium Mixed and Red Firms Blue and Red Firms
T T T T 2.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
B B

Figure 1: Equilibrium Regions.

Note: Panel A depicts the three equilibrium regions as a function of 8 and 6, for R; = 0.75, o = 0.5, and
e = E/F = 2.0. Panel B depicts the three equilibrium regions as a function of  and e, for R; = 0.75,
oy = 0.5, and 6 = 10.0.

Figure 1 shows the possible equilibrium types for different parameter configurations, for u(w) =
Inw. For this case, we find that B, = Byax = E with B strictly lower than 1 for most parameter
configurations. Thus, as f increases, the equilibrium eventually features ex-post heterogeneous
firms. For B sufficiently high, we observe full segregation: Red workers sort into firms offering
safe career paths, while Blue workers choose risky career paths. This pattern may give the im-
pression that Red workers prefer safe, bureaucratic careers, whereas Blue workers prefer risky,
competitive ones. However, Blue and Red workers have identical preferences in our model. Red
workers avoid risky-career-path contracts because they anticipate lower promotion probabilities
than Blue workers.

The resulting sorting may also give the impression that some firms are more favorable to Red
workers than others. This is not the case. Even ex-post heterogeneous firms have the same in-
trinsic bias,'® but its effect depends on the competitiveness of promotion contests. In safe-career-
path firms, where promotions are effectively non-competitive, this bias does not affect outcomes,
whereas in risky-career-path firms, it does. Consequently, observed differences in workforce com-
position may arise even when firms have identical underlying biases.

As the bias decreases, the equilibrium eventually features partial segregation: the contract of-
fered by Mixed firms becomes sufficiently attractive for Red workers, who are indifferent between

Red and Mixed firms, while Blue workers continue to apply only to Mixed firms.'® The following

ISSpeciﬁcally, axioms (2.ii) and (2.iii) ensure that firm bias is invariant to firm size and workforce composition.
9For some values of 3, partial and full segregation equilibria co-exist, so we apply the selection criterion described
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proposition shows that Mixed firms pay their young workers more than Red firms.

Proposition 6 (High-wage and low-wage firms). In a partial-segregation equilibrium, Mixed
firms pay higher entry-level wages than Red firms: w; > wy.

Since Mixed firms pay higher entry-level wages, we refer to them as high-wage firms. Blue
workers strictly prefer to work in such firms, because they have a higher probability of promotion
than Red workers. Red firms offer their young workers safe career paths, which can be inter-
preted as bureaucratic promotion rules, such as promotion by seniority, which are common in
some government and nonprofit organizations. These firms are smaller than Mixed firms and pay
low entry-level wages, so we refer to them as low-wage firms. While Red firms do not discriminate
in hiring, they still end up with a fully Red workforce because only Red workers find it optimal to
apply to them.

Subtle bias in promotions leads to inequality between Blue and Red workers, as the next corol-

lary (of Proposition 4) shows.

Corollary 1 (Blue-Red inequality). In equilibrium:
i. Redworkers are (weakly) less likely than Blue workers to work for firms offering risky career
path contracts.
ii. In Mixed firms, Blue workers have higher promotion probabilities and average wages than
Red workers.

iii. Blue workers have higher utility than Red workers.

Corollary 1 shows that the Blue-Red inequality could be driven by both sorting and unequal
treatment within firms. These two channels are linked. Because Red workers anticipate lower
promotion probabilities than Blue workers in large, high-wage firms, Red workers are less likely
to apply to these firms. Such results are consistent with the evidence in Card, Cardoso, and Kline
(2016), who study gender gaps in employment and earnings across firms and find evidence of “(...)
a sorting channel that arises if women are less likely to be employed at higher-wage firms, and
a bargaining channel that arises if women obtain a smaller share of the surplus associated with
their job.” Similarly, when investigating the recent widening of the gender earnings gap, Goldin
et al. (2017) show that this widening “is split between men’s greater ability or preference to move
to higher paying firms and positions and their better facility to advance within firms” (p. 114). Our

model jointly explains both these facts and the emergence of high- and low-wage firms.

in Condition 3 and select the partial segregation equilibrium. Region II.B in Figure 1 reflects the parameter values for
which full segregation is the only equilibrium.
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3.6 Effect of Bias on Equilibrium Outcomes

To study the effect of the bias on the equilibrium outcomes, we focus here on the equilibrium with
ex-post heterogeneous firms, that is, the case of B > B2’ Since the equilibrium is characterized
by a system of nonlinear equations, closed-form comparative statics typically cannot be obtained.
We thus illustrate the equilibrium relationships using the same parametrization as in Figure 1.

Proposition 5 shows that firm heterogeneity is related to the size of the bias. Thus, we first
focus on the effect of the bias on the differences between Red and Mixed firms. Figure 2 presents
equilibrium wages in Red and Mixed firms, as well as the size (i.e., span of control) of Mixed
firms, n),, as functions of B. All panels show two equilibrium regions: partial segregation and
full segregation (Regions II.A and II.B in Figure 1). The equilibrium values do not vary with 8 in
the full-segregation region. This makes sense; under full segregation, the bias does not affect the
firms’ marginal conditions. In that region, the bias matters only through its off-equilibrium effect:
Red workers do not apply to Blue-only firms because they expect promotions to be biased against
them. It is this belief that allows Red firms to exist; these small firms absorb the supply of cheap
Red workers.

Panel A shows wages in Red firms. Under partial segregation, as the bias increases, the outside
option of Red workers, U/, deteriorates, thereby lowering their bargaining power. Consequently,
both entry-level and top wages decline as 3 increases.

Proposition 6 shows that Mixed firms pay higher entry-level wages than Red firms. Panel
B shows that the same is true for top-level wages: w;, > w; . Thus, Mixed firms are typically
high-wage firms at all hierarchical levels. Panel B also shows that in Mixed firms, both the entry-
level wage and the top wage increase with the bias (under partial segregation), which may seem
counterintuitive. As firms become more biased against Red workers, the equilibrium utility U
falls, which, from (20), implies that entry-level wages increase. At the same time, as workers
become less powerful, the firms respond by expanding hiring to extract surplus from more workers.
Panel C of Figure 2 indeed shows that Mixed firm size, or the span of control, n},, increases with the
bias, lowering the probability of promotion. To compensate for the lower probability of promotion,
Mixed firms increase wages. This effect no longer holds under full segregation, as Mixed firms no

longer attract Red workers.

20gf B < Bmin, we have a corner solution where s* =1 (i.e., all firms are Mixed). In terms of predictions, this
equilibrium is quite similar to the benchmark case with § = 0, although it also creates substantial inequality between
Blue and Red agents. For completeness, we offer a full analysis of this equilibrium in the Internet Appendix.
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A. Red firms: Wages, w;,. and w}, B. Mixed firms: Wages, w; . and wj,,
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Figure 2: Wages and Employment in Partial and Full-segregation Equilibrium.

Note: Panel A presents equilibrium wages in Red firms for the top job (w},,, solid Red lines) and entry-level
job (w},, dashed Red lines). Panel B shows corresponding wages in Mixed firms (w}, , solid Blue lines; wy,,,
dashed Blue lines). Panel C presents the equilibrium span of control in Mixed firms (n},). Panel D shows
average per-firm wages in Mixed firms (W,,, solid Blue lines) and Red firms (w,, dashed Red lines). All
panels plot outcomes as functions of subtle bias 3, with 6 = 10.0, R; = 0.75, o, = 0.5, and e = 2.0.

Finally, Panel D of Figure 2 presents the average per-firm wages in Mixed and Red firms,
computed as
o M W g,
ny+1 2

We see that, also on average, Mixed firms are “high-wage firms” and Red firms are “low-wage

(23)

firms.”
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Figure 3: Share of Blue workers in Mixed firms and share of Mixed firms in the economy.

Note: Panel A presents the equilibrium share of Blue workers in Mixed firms, ¢*. Panel B shows the
equilibrium share of Mixed firms in the economy, s*. All panels plot outcomes as functions of subtle bias
B, with 6 = 10.0, R, = 0.75, 0o, = 0.5, and e = 2.0.

Figure 3 presents the worker composition of Mixed firms (Panel A) and the firm type composi-
tion of the economy (Panel B) as a function of subtle bias. Panel A shows that as the bias increases,
the high-wage Mixed firms become increasingly dominated by Blue workers. Panel B shows that
the share of Mixed firms in the economy decreases with the bias. Thus, as bias rises, high-wage
firms become less common but (inefficiently) larger, hiring many favored agents and a minority of
unfavored agents. By contrast, the fraction of smaller, bureaucratic, low-wage firms increases in
the economy.

Figure 4 shows the effect of B on workers’ utilities. Unsurprisingly, a higher bias against
Red workers decreases their equilibrium utility.?! Because Mixed firms choose contracts that bind
Red workers’ participation constraints under partial segregation, weaker outside options for Red
workers lead to less favorable terms for all workers. Although Blue workers are favored by the
bias, as 3 increases, the fraction of Blue in Mixed firms, ¢*, also increases, as well as firm size,
ny,. The latter effect outweighs the positive bias effect, implying that Blue workers’ utility also
decreases as 3 increases. For sufficiently high 3, both Blue and Red workers are worse off than in

the benchmark equilibrium (shown as horizontal lines in Figure 4).

2'We formally show this result as part of the proof of Proposition 5.
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Figure 4: Utilities of Blue and Red workers, U, and U;".

Note: This figure presents the equilibrium utilities of Blue workers (solid blue lines) and Red workers
(dashed red lines), U, and U}, as functions of subtle bias, f3, for 8 = 10.0, R; = 0.75, o, = 0.5, and e = 2.0.
The horizontal dotted line represents the equilibrium utility, U; = U = U*, in the benchmark case, = 0.

The following proposition shows the effect of the bias on profits.

Proposition 7 (Profit increases with bias). For B > B4y, equilibrium profits are weakly increas-
ing in B3.

In an equilibrium with ex-post heterogeneous firms, Red and Mixed contracts must yield the
same profits. As the bias increases, Red workers’ bargaining power decreases, and profits increase
with 3.

Figure 5 shows that not only profits increase with the bias, but that firms may prefer the (inef-
ficient) “biased equilibrium” to the (efficient) benchmark equilibrium.22 Indeed, when f is suffi-
ciently high, equilibrium profits exceed those in the benchmark case, as indicated by the horizontal
line in Figure 5. Intuitively, the subtle bias acts as an implicit collusion device in the labor mar-
ket: by depressing the outside options of Red workers, it allows firms to capture a larger share
of a shrinking surplus. Perhaps unexpectedly, the model can rationalize postmodern theories that
view discrimination against minorities as an implicit capitalist plot to increase profits by extracting
more “surplus value” from workers. The surprising part is that we obtain this result in a model

with perfect competition and rational expectations.

22In Figure 5, we set Rj, = 4.0. Parameter R;, does not affect equilibrium outcomes and thus can assume any arbitrary
positive level to achieve strictly positive profits.
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Figure 5: Firm profit, 7*.

Note: This figure presents the equilibrium profit of Mixed and Red firms, 7%, as a function of subtle bias,
B, for 6 = 10.0, R, = 0.75, R, = 4.0, o, = 0.5, and e = 2.0. The horizontal dotted line represents the
equilibrium profit of Mixed firms, 7%, in the benchmark case, f = 0.

3.7 Endogenous Firm Entry

Until now, we have kept the number of firms, F', constant. In price-theory parlance, our equilibrium
results can be interpreted as “short run,” that is, before firms make entry and exit decisions. We
now assume that firms may enter the sector by paying a fixed operating cost in each period, k(F) =
a—+ bF, where a,b > 0, and F is the number of firms in that period. This specification captures
several possibilities. If a = b = 0, there are no fixed operating costs. If @ > 0 and b = 0, operating
costs are independent of the number of firms in the sector. Finally, if b > 0, such costs increase
with the number of firms. There are several possible interpretations in this case. First, if firms are
heterogeneous in their operating costs, we can interpret K (F') as the operating cost of the “marginal
firm,” that is, the least productive firm that enters the sector. Alternatively, keeping the assumption
that all firms are ex ante identical, K(F) may increase with F because of increased competition
in the product market (which we currently model only in reduced form), or because of increased
general expenses (such as R&D, human resources, and marketing) that increase with the intensity
of competition in both labor and product markets.

Firms enter only if the expected profit net of operating costs is non-negative. Thus, the equilib-

rium number of firms is determined by:
a+bF* =x*(F"), (24)

where 7% (F*) is the equilibrium (gross) profit when firm owners anticipate that F* firms enter. Fig-

ure 6 illustrates how the equilibrium F* is determined. The equilibrium gross profit is a piecewise-
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defined, regime-dependent function of the number of firms, F' (solid blue), while the operating
cost function is upward-sloping (dashed black line). Their intersection determines the equilibrium

number of firms, F*, and the corresponding equilibrium profit, 7*.

n* (F=50) — Profit, n*
................................... {==. Entry costs, a+ bF -

Firm profit, n*

-
-
-

I. Mixed-firm P II.A. Partial Segregation: 11.B. Full Seg.:
Equilibrium - Mixed and Red Firms Blue and Red

50 60 70 80 90 100
Number of firms, F

Figure 6: Equilibrium Number of Firms, F'*, and Profit, *.

Note: This figure presents the equilibrium gross profit, £*(F), as a function of F for 6 = 10, f = 0.7,
R =07, R, =4, o =0.5, E =200. It also shows the operating cost function (black dashed line), for
a = 3.2 and b = 0.0022. Equilibrium values (F*,7*) occur when the two functions intersect.

Figure 6 illustrates that gross profit is decreasing in F' in Region I and increasing in Region II.A
(partial segregation). In contrast, in Region I1.B, gross profit is locally flat: additional entry takes
the form of firms offering safe-career-path contracts that attract only Red workers from unemploy-
ment, whose outside option remains fixed at zero. As a result, entry does not bid up wages or
otherwise affect profits, leaving 7*(F) unchanged over this range of F. Importantly, as the figure
illustrates, for a stable equilibrium in partial segregation to exist, we must have b > 0.2

As it can be inferred from Figure 6, an increase in operating costs—due to an increase in either
a or b—reduces the number of firms operating in the sector. Thus, lower operating costs favor the
equilibrium with heterogeneous firms (Region II). But the entry of new firms does not offset the
inefficiencies caused by the bias. Entry in Region II.A implies fewer Mixed firms, which become
even larger and hire more Blue workers. Thus, as ¢* increases, the effective bias (¢* ) increases
with firm entry.

Firm entry has surprising welfare effects. As Figure 7 illustrates, in Region I, workers’ utilities
increase with firm entry, while in Region II.A, workers’ utilities decrease with entry. This result

follows because, in an equilibrium with two firm types, the marginal firm entering the sector is a

Z3The operating cost function may cross the gross profit function at most three times. For a stable equilibrium, the
operating cost function must cross the profit function from below, which implies that at most two equilibria are stable.
Our equilibrium selection Condition 3 implies that if there are two stable equilibria, the equilibrium in Region I is
chosen.
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Red firm, which is inefficiently small. Thus, the entry of organizationally inefficient firms shifts
Red workers from Mixed firms to Red firms, destroying total surplus while reducing Red workers’

bargaining power.

2.0

I.A. Partial Segregation: 11.B. Full Seg.:
Mixed and Red Firms Blue and Red

1. Mixed-firm Equilibrium
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Figure 7: Utilities of Blue and Red workers, U, and U;".

Note: This figure presents the equilibrium utilities of Blue and Red workers, U, and U/, as functions of the
number of firms, F, for 8 = 10.0, B = 0.7, R, = 0.7, R, = 4.0, oy, = 0.5, E = 200.0.

Finally, note that in an equilibrium in Region II.A, an increase in 8 will increase the gross
profit (see Proposition 7), thus attracting more firms to the sector. But, again, more firms do not
attenuate the negative effects of the bias. Competition does not drive discriminating firms out of
business in our model because biases are subtle, that is, they are not observable. In the Internet
Appendix, we show that subtle bias persists in equilibrium even when firms can acquire a costly

bias-reducing technology.

4 Conclusion

This paper presents a model of biased promotions where firm size, wages, and internal labor mar-
kets are endogenously determined in a competitive labor market equilibrium. By providing a
tractable framework for the equilibrium consequences of biased promotions, the paper contributes
to the broader literatures on employer discrimination, firm heterogeneity, and inequality.

Claudia Goldin’s (2014) description of women being “barred in subtle and more obvious ways
from many high-prestige and high-income occupations” maps into the two main ingredients in our
model. The prestige and high-income of top positions are what workers compete for; the subtlety
of the bias is what makes discrimination persistent. Without the complementarity between pay and

prestige, internal labor markets would not exist. Without subtlety, entry by unbiased firms would
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eliminate discrimination. Together, the two ingredients deliver partial segregation in equilibrium:
Red workers concentrate in smaller, lower-paying Red firms that offer certain promotion, while
Mixed firms grow larger, pay more, and reserve the bulk of their promotions for Blue workers.
Goldin’s “female-dominated occupations”—teacher, nurse, librarian, social worker—have some-
thing of the flavor of our Red firms: orderly internal hierarchies, predictable advancement, and
lower pay.

Several of our results go against the intuition that competitive labor markets discipline dis-
crimination. Bias can raise firm profits because it depresses Red workers’ outside options, so the
bias operates as an implicit coordination device on the labor demand side. Firm entry can amplify
rather than dissipate the harm: when marginal entrants are inefficiently small Red firms, expected
earnings fall for everyone. Perfect competition and rational expectations are sufficient to generate
these outcomes; no belief distortions or coordination failures are required.

The model also speaks to a nascent empirical literature on amenities and gender earnings gaps
(Morchio and Moser (2026); Caldwell, Haegele, and Heining (2026)). When prestige is the scarce
amenity, biased access to it produces wage and sorting patterns that resemble differential prefer-
ences over jobs. Our model illustrates that separating taste-based sorting from biased access to

prestigious positions is a challenging empirical task.

A Appendix

Proof of Proposition 1. Probabilities adding up to one imply p,(n,0) = % Because Axiom (i) im-

-, (n,q)

plies p,(n,q) must be decreasing in g, without loss of generality, we can write p,(n,q) = —5—=,

where w,(n,q) € [0,1] is increasing in g and ®,(n,0) = 0. Similarly, because p,(n,1) = 1, we can

. _ 14w,(ng)
write pp(n,q) = =2+
(i) then implies that @;(n,q) = w;(q) for i € {b,r}. Axiom (iii) implies that ®;(g) is linear. We

, where @, (n,q) € [0,n— 1] is decreasing in ¢ and @y (n,1) = 0. Axiom

then write @,(g) = q; (there is no intercept because @,(0) = 0) and ®,(g) = (1 — q) @, (because
@, (1) = 0). Probabilities must add up to 1: g(1+ (1 —g)wy) + (1 —¢g)(1 —gw,) = 1, which

_1
implies @, = @, := B. Finally, p,(2,1) = 172[3,, =1 223, so B =2p. O

Proof of Proposition 2. We assume that at least one tight-labor-market equilibrium exists. Con-
sider one such equilibrium and let U* denote a worker’s lifetime utility in equilibrium. Profit
maximization implies that firms solve the constrained maximization problem:
1
max R, —wp+n(R—w;)+ A (u(wl) + —0Ou(wy) — U*) +7y(n—1). (A.1)
nLw,Wi,ALY n

Because E > F, in any equilibrium, firms must offer n* > 1, thus we set y* = 0. With y* = 0, the

problem is globally concave (see Ferreira and Nikolowa (2024)), and thus the first-order conditions
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are sufficient to determine a unique maximum given U*. Thus, all firms must offer the same

contract. The first-order conditions are

j—vfl = —n*+ 1% (wj) =0 (A.2)
;—th — 1 —i—l*n—l*eul(w;;) —0 (A3)
g—”; :Rl—w}“—l*(n—i)zeu(w}"l) —0 (A4)
o — (i) + -bulwy) U =0 (AS)

Conditions (A.2) and (A.3) imply that the marginal utilities must be equal:
u'(w)) = 0u' (wy). (A.6)

Use (A.4) to isolate A* and replace it in (A.2) to find
0u(w;)

R —wj = —, A7
[ Wl n*ul(WZk) ( )
Using (A.5) we can rewrite (A.7) as
U* —u(wy)
R —w = —+—+"~ A.
1= W u’(w?) ( 8)

Because the problem is globally concave, there is a unique solution for (A.8), w;(U*). From (A.8)

ow i (w;) . dw
= u”(w,)(U*l—u(w,)) , it therefore follows that 57 < 0.

After finding w;, we find w;, from (A.6), and then n* from (A.5):

we derive

o bulwi) _E

We find the equilibrium by solving for U* in
F
u(wl(U*))—FEGu(wh(U*)) =U". (A.10)
Because w)(U*) < 0 and w), (U*) < 0, there is only one solution to (A.10). O

Proof of Proposition 3. The argument in the text implies that no firm can have a mixed workforce
in equilibrium. Thus, firms must be fully segregated: “Blue firms” and “Red firms.” Both types
must have the same equilibrium profit. Suppose a worker of type i has a higher equilibrium utility
than type j. Since overt discrimination is permitted, a firm currently hiring type-i workers can
deviate and offer a similar contract with slightly lower wages to type-j workers, who would accept.
We conclude that both worker types must have the same utility in equilibrium. Thus, all firms face
the same participation constraint. Proposition 2 then implies that both types of firms must offer

identical contracts (except for the exclusion of one worker type). Because of full segregation, all
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workers in a firm face the same probability of promotion, which is 1/n*. Thus, they must be

offered the unique contract described in Proposition 2. [

Proof of Lemma 1. Suppose C* is a tight-labor market equilibrium with full segregation and ho-
mogeneous firms. If U;(C*) # U;(C*), firms that employ workers with the highest utility have
lower profits, which is not optimal for them since they could target the low-utility workers instead.
If UF(C*) = U; (C*), all firms face the same maximization problem. Thus, the optimal number of
workers per firm must be unique, n*. n* = 1 cannot be a tight-labor-market equilibrium because
E > F. Therefore, all firms must offer n* > 1. In this case, if firms are segregated, Blue workers
would prefer to direct their search to firms where g(c%,C* ;) = 0, because pp,(n,q) is decreasing in

q. Thus, these firms must select some Blue workers, which is a contradiction. O]

Proof of Proposition 4. Consider first a fully tight labor market equilibrium. Suppose that 47 €
[0,1] such that g% := g(c%,C* ;) € (0,1). That is, a strictly Mixed firm exists.>* Suppose this firm
is such that n; = 1 (i.e., a safe career path). Then, both types of workers have the same utility under
cy. Because E > F, under a fully tight labor market, there must be at least another firm such that
n”;, > 1. If firm 7’ is either strictly Mixed or all Red, Red workers must be indifferent between c’;,
than c7. But then Blue workers would be strictly better off under c7, than ¢z, implying that these

cannot both be equilibrium contracts. If firm 7’ is instead all Blue, we must have that the Blue

*

worker is indifferent between ¢z and 7,

and also that (c;) = m(c}), otherwise the firm with the
lowest profit could deviate and mimic the one with the highest profit. But then both firms face the
same maximization problem as in (A.1), of which n}, > n7 = 1 cannot both be optimal solutions
(given strict global concavity). We conclude that the strictly Mixed firm must have nj > 1.

We now show that all strictly Mixed firms offer the same contract, in which Red’s participation
constraint binds while Blue’s is slack. Consider a strictly Mixed firm such that n; > 1. Conditions

1-2 and profit maximization imply

m(cz) = max Ry—wye+ne(Ri—wic) (A.11)
subject to
u(wie) + 1 _fﬁ Ou(wpr) > U, (c7.C ;) (A.12)
u(wie) + L (1n_ 4:)P Ou(wyz) > Up(c;,CE ) (A.13)
T
ne>1. (A.14)

24 As discussed in Footnote 10, we assume that the equilibrium is such that (1 —¢%)B <ni—1. If (1 —¢%) B > ni—1,
the equilibrium probabilities of promotion must be instead py,(n%,q%) = 1 and p,(nk,q%) = =i

this case is similar and thus omitted for brevity.

P The analysis of
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One of (A.12) and (A.13) must bind; otherwise, firm 7 can always increase n to increase profit.
Suppose the Blue constraint (A.13) binds. Consider first a deviation contract ¢¢ that maximizes
profit while ignoring the Blue constraint. Let ¢¢ := g(c%,C* ;) denote the belief after this devia-
tion. Because this is an “optimal deviation,” the Red constraint must bind (otherwise the firm can
increase n¢, which relaxes (A.14) and increases profit), implying U,(c%;¢%) = U,(c%,C* ;), where
U;(c;q) denotes the utility of a type-i agent that accepts contract ¢ under belief g. Note that in
equilibrium, the Blue worker has strictly higher utility than the Red worker:
Tp(c5.C0) = Up(esial) = Uplekiad) + Doulwin) > Toler ). (A1)

T

If cfg does not violate the Blue constraint, Condition 2 implies that qu = ¢, and thus profit
maximization implies that 7t(c¢) < 7(c%)=> the deviation is not profitable. Thus, ¢4 must violate
the Blue constraint. Condition 2 now implies that q‘fl = (0, which means only Red workers are
matched to the deviating firm. There are two cases to consider.

Case 1. Suppose that (A.14) also binds (in addition to the Red constraint), i.e., n; = 1. Because
Uy(c%;q4) =U,(c%,C*;)), Blue workers strictly prefer some contract in C* _ to ¢, which confirms
that no Blue worker applies to contract cg. Thus, c‘f is a profitable deviation for the firm = the Blue
constraint (A.13) cannot bind in an equilibrium where firm 7 hires both Red and Blue workers.

Case 2. Suppose instead that, under the optimal deviation, n¢ > 1. We then have

d. d d. d M(WZ’L') TT (o (% Ri—wi 4
Up(c%:q7) = Ur(cziq7) + B0 d =U,(c7.Cp) +B (1 qdﬁ)u (er)’ (A.16)
T —dqz

where the last step follows from the first-order conditions when the Red constraint binds. When
the Red constraint binds, wflr is independent of ¢¢. Thus, U,(c?;q) increases with g, which implies
Up(c4;0) < Up(ct,C* ), which confirms that no Blue worker applies to contract ¢¢. Thus, ¢? is a
profitable deviation for the firm = the Blue constraint (A.13) cannot bind in an equilibrium where
firm 7 hires both Red and Blue workers.

Cases 1 and 2 jointly imply that for a strictly Mixed firm, the Blue constraint must not bind, and
thus the Red constraint must bind. Since a strictly Mixed firm must have more than a unit mass of
workers, there is only one contract that maximizes profit for a given g;. Suppose there is another
risky-career-path firm with ¢, € [0,1] such that ¢}, # g;. At least one type of worker must be

indifferent between c7 and c7,. But then the firm with the highest ¢ must pay higher wages and/or

*
T/

only one equilibrium pair (c%, ¢}) for strictly Mixed firms, implying that all such firms are identical,

hire fewer workers, implying 7(c%) # m(ck,) = this cannot be an equilibrium. Thus, there is

and there are no risky-career-path firms with only Blue or only Red workers. We denote the optimal

contract for a strictly Mixed firm by c¢;, = (n},,wj,,,w},,). Note that U, (c},,C* ) > Ur(c},,C*,,).

Suppose contract cj, coexists with a safe-career-path contract ¢ = (1,w},wj ). Equilibrium
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implies 7(c},) = m(c}), and worker types who apply to both contracts must be indifferent between
them. A safe-career-path contract offers the same utility to Blue or Red workers, since promotion
is guaranteed. Because Uy (c},,C*,,) > U,(c},,C*,,), ¢ can only attract Red workers, who must be
indifferent between c;, and c;. Trivially, no other safe-career-path contract can exist, as it would
have a different profit than c¢;. We refer to the firms offering ¢} as Red firms, because only Red
workers apply to such a contract. By continuity, the same argument applies to the case where
qr = 1.

If g5 = 0, Lemma 1 implies that all Blue workers must choose a safe-career-path contract. Red
workers must weakly prefer ¢ to the safe career path, and thus have equilibrium utility no lower
than Blue workers, since both worker types enjoy the same utility under the same safe career path
contract. But this is not possible because a Blue worker who deviates and chooses ¢; must obtain
higher utility than a Red worker (because of the promotion bias).

Finally, under a fully tight labor market, a risky career path contract must exists, otherwise not
all workers will be employed.

We then conclude that under a fully tight labor market: (i) a Mixed-firm contract ¢ exists and
is unique within its class; (ii) Blue workers must apply only to c}; and (iii) if another contract
exists, it must be a safe career path (c}), attracting only Red workers.

We now consider the case of a partially tight labor market equilibrium. If Uy > U;" = 0, this
implies that the labor market for Red must be tight. However, for any contract with n; > 1, the
utility of a Blue worker is higher than or equal to the Utility of a Red worker; therefore, we cannot
have U; > U, = 0 in equilibrium.

Thus, a partially tight equilibrium requires U, > U; = 0, with the market tight for Blue and
slack for Red. Consider a contract c;, with g, < 1, as defined above, where the Red’s constraint
binds. Let ¢ denote the optimal safe career path attracting only Red workers when U = 0. If
n(c;,) > m(ck), we are back to the case discussed above, where contracts (c,,c’) are the only
ones admissible in equilibrium, and the mass of firms offering ¢} is nonzero if and only if 7(c},) =
n(ck). If instead m(c},) < m(c}), then no firm would offer ¢},. However, if all firms offer a safe
career contract, then the market cannot be partially tight. Thus, the only remaining possibility
is to have contract ¢, attracting only Red workers, and a contract c;, with g;,, = 1 in which the
participation constraint of Blue workers binds. In this case, equilibrium requires U, (c},,c}) <0 =
U,(ck,ck,) (confirming that g, = 1), and 7(c},) = n(ck). O

r>~m

Proof of Proposition 5. From Proposition 4, we know that, for a given 8, some firms must of-
fer a Mixed contract ¢, (f) in equilibrium. For given 8 and ¢, define A(B,q) = n(c},(B.q))
—7(c4(B,q)), where c,(B,q) is a “conjectured” equilibrium contract for a Mixed firm under be-
lief ¢, and ¢¢(B.q) is the optimal deviation contract a firm would offer if unilaterally deviating

from this equilibrium. As discussed in the proof of Proposition 4, this optimal deviation must be a
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safe career path contract (which may or may not be ¢} (B,q)).
First, we show that for sufficiently low S, firms are homogeneous. At the limit, i.e., for § = 0,
the maximization problem is:
max Ry —wy, + I’lm(Rl — Wlm) (A.17)
WimsWhm-"m

subject to

(A.18)

u(wim) + teu(whm) > Uy
n, > 1

For a given U, the resulting optimal contract is unique (see Proposition 2), and in order to have
a tight labor market equilibrium, the parameters are such that n;, > 1, implying ¢* = ;. It then
follows that the profit from offering a risky career path is higher than the profit from offering a safe
career path, and therefore A(0, o) = 7(c};,(0,04,)) — w(c?(0,0)) > 0. The Maximum Theorem
implies that A(B, 0y, ) is continuous in 3, and thus there exists f,;; = inf{f : A(fB, 0,) <0} € (0, 1],
implying that A(f3, op) > O for all B < Byin, in which case all firms offer ¢}, (8, &) in equilibrium.
This proves Part 1.

Define Bax = sup{p : A(B,ap) >0} € (0, 1]. It then follows that for § > B4y, the case where

all firms are Mixed is not an equilibrium. This proves Part 2. [

Proof of Proposition 6: The equilibrium contract in Red firms must satisfy the marginal condition
u'(wy,) = 6u’(w},), and the partial segregation equilibrium contract in Mixed firms must be such

that o’ (w},) = 6(1 —g*B)u’(w;, ). We rearrange the marginal conditions:

u'(wy,) B u' (w),)

w(wy,)  (L=g*B)u'(wy,)

Suppose wj, > wj . Then, we have

¢ i)
_ <1= 1l % " =y *
M’(W}km) (1 — q*B)M/(WZm) = u (Whr) <u (Whm) Whr > Whim

Because in equilibrium, a Red worker must be indifferent between the two contracts,

w(Wi) + pr(1,q7) Out(wy,) = u(wy,) + Ou(wy,)

or, rearranging,

(i) —u(wp,) = 0[u(ws,) = pr(n,.q")u(wh, )], (A.19)
where p,(n},q*) = Ijﬂ*ﬁ < 1. If w;. > wj, and w; > w; . the left-hand side of (A.19) is non-
positive and the right-hand side is strictly positive, which is a contradiction. Thus, we must have
wp < wp,. O]

Proof of Corollary 1: In any (partially or fully) tight labor market equilibrium, Blue workers work
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in firms offering risky career paths with probability 1. Red workers work in firms offering risky
career paths with probability 1
' (1 —a*
= <
In Mixed firms, Blue workers’ probability of promotion is

x % 1+ 1_q* B 1_q*B
po(mnq”) = (n* o n
m m

= pr(m:q")-

Expected wages are w;, + p;i(ny,,q")w;  and therefore it immediately follows that the expected
wages of Blue workers are higher. Finally, from the proof of Proposition 4, U,(ck,C*,,) =
Ur(ci,C,) + nﬁ*eu(wzm), that is U, (c},,C*,,) > U,(c},,C*,,), for any B > 0. O

Proof of Proposition 7: For B > Buax, ©(ck) = n(c,). The optimal ¢ contract is such that:
u' (wy) = 0u' (wy,) (A.20)
u(wiy) + 0u(wy,) = U (A.21)
From the participation constraint and condition (A.20):

dwy, owp,
M’(er) <8Lé + ;}ﬁh >
awy, + owp, 8U,* 1

U
9B (A.22)

9B " 9B T 9B W (wy)
To show that a;g < 0, rewrite and simplify the profit equalization condition as
LC, = wyp - wyp — Ry = Wiy — ”,(Wh’") —LC,. (A.23)
u' (Whm)
Differentiate (A.23) with respect to f3:
OLC: QU, _ ILCy Uy y OLCy 4 ILCy 99
oU, 9B — JU, B T IB 9q 9B (A24)

b~ I dq 9P

Use Red workers’ participation constraint and condition 8u’(wy,,) = u’(w;,) to get

o (aLC, 8LCm) U, __ ILCy, + JLC,, Iq

U, U,

aW[ awh 8w, 8wh 1
"(wy, L4+ 0u (wy, T =1 4 S . A.25
u(wir) G+ 0w i) 5 = 1= Z0-+ 50 W (wiy) (A-25)
From (A.25) and the definition of LC, it follows that:
8LC, _ 8wl, + 8wh, _ 1 . (A26)

oU, AU, dU,  u'(wy)
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Differentiate LC,, with respect to U,

JdLC,, — u//(Whm)u(Whm) OWpm
aUr “/(Whmgz aUr
i e T C (e cri
' (Wi —qB)u" (Wi Uy—u(wy,
) B(1gD) ’ (A27)
u/(Whm) (Ur_”(wlm)) G(I_Qﬁ)
)"

From (A.26) and (A.27), we have:

JLC, JLC, 1 N
30, " ou, wlwy)  wlwy) " (A.28)

The inequality in (A.28) follows from: (i) wy, > wy, and u”(.) < 0 imply /' (wim) < ' (wy,), and
>i1) ny,, > 1.

B affects only the contract offered by Mixed firms. For given U,, wy, is unaffected by . From
0(1—gP)u' (Wpm) =t/ (Wi), we have:

d Oqu’ d opu
B O(1—gB)u"(win) dq  O(1—qP)u’(Wn)
ILCy _ ILCw Wi
d  Jwpy, O
B _ egé(whm 0 (A.30)
u/(wlm)
ILCy  _ ILCy Owpy
d — dwp, 0
q _ egﬁ(whmg 0 (A.31)
u/(wlm)
Using the labor market clearing conditions s*n),q* = oge and s*n;, + 1 —s* = e, we get:
__ Ope 1
9 =7 (1 - @))
_ ot () - o)) (A-32)
el M(Whm) )
For a given U,, we have:
ﬂ_%ﬁ_u’(w—m)z)ﬁ%q<_ M)
B T e—1(1—qB)ny < 1+ w! (Wi ) u(Wpm) ) 9B + e—1 (1—qf)ny 1+ u (Wi ) u(Whym)
oy e u/(w m)2
_ eI (’”u’%w;.m@'uwm) (8.33)
oy e ﬁ u,(w m)2
]_e%l (17‘1ﬁ>nm <_]+u”(whm}jlu(whm)>
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We can now rewrite (A.28) as follows:

(wmy — ) 58 =% <( >)< “%)

< 14 0o )
o ( 1 oy ) . ( qﬁ nm u" (wh ) u(Whm) >
u/(er) u/(Wlm) - Wlm < 1+ (Whm) ) (A.34)
qﬁ)nm u (W Wiy
1 Nm aUr - equ Whm 1
< (M/(er) B ”/(Wlm)> ' (Wim) (

NN ( ”u”&;(:])lff’()wzhm))
The right-hand side of the expression above is positive, since u” (wy,,) < 0 and u(wy,,) > 0. From
equation (A.28), it follows that aa%’ < 0.

If we instead have a partially tight labor market with U, = 0, a change in 8 does not affect the

utility of Red workers.
It then follows that: a’g(l?) — _my _dwy . 9Ur 1 for B > Bax- O
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Internet Appendix for
“Biased Promotions”

IA.I Characterizing the equilibrium contracts

A fully or partially tight labor market equilibrium is a set of two unique contracts {c;, c;, }
and a belief function g, such that firm 7,, € [0,s*F] offers contract c;, = (n, w;, , w;, ),
firm 7, € (s*F, F] offers contract c; = (1, w},, wy, ), and s* € (0,1].

In a fully tight labor market, Mixed firms attract Blue and Red workers. In the proof of
Proposition 4, we show that in Mixed firms, only the participation constraint of the Red
workers binds.

The equilibrium must then satisfy seven conditions:

i. Workers’ lifetime utilities are

Uy = u(w;,) + = TEou(wr )
. S g (IA.1)
Uy == u(wyj, ) + e Ou(w;, )
where q* := q(c;,, C* . ).
ii. Type-m firms choose c;, optimally:
m(cy) = max Ry — wyy + ny(R) — wyy) (IA.2)
i, Wi Whim
subject to
(W) + — = 0u(wpm) = Uy (IA.3)
m
iii. Type-r firms choose c; optimally:
N(C;k) := max Ry, —wy, + R; — wy, (TA4)
Wiy, Why



subject to
u(wlr) + Gu(whr) > ur* (IA-5)

iv. Firms’ choice of contract type must be optimal:

If t(c},) > m(cy), thens* =1 (IA6)
If e(c},) = mt(cy), thens* < 1
v. If s* < 1, Red workers are indifferent between contracts c;, and c;:
U; = u(wy,) + 0u(wy,). (TA.7)
vi. Labor markets clear:
s*q*n;, F = apE (IA8)

(1—s*+5*(1—q)ns)F = (1-a)E

vii. There is no profitable deviation: 3 ¢ such that py.(c?,C*.) = nég(c?,C*.) and

m(ct) > 7(cs)-

Since in Mixed firms the participation constraint of Red binds, a deviation contract
c? ¢ {c, c:} that meets the Red constraints is sub-optimal. Thus, even if there are rational
beliefs that sustain such deviations, they are not profitable. Suppose now that ¢? violates
both participation constraints at belief g*. In this case, no one will be assigned to this
contract, implying that any g is rational for this deviation. Thus, we set g(c) = g* for any
contract that attracts no worker. It follows that the profit is lower in this deviation than in
the equilibrium contract.

The only remaining case is a deviation that, under g%, violates the Red constraint but
not the Blue constraint. In this case, the firm offers a risky career path n? > 1) only

to Blue workers. Under this deviation, the only rational belief is 4 = 1. Note that if a

2



contract violates the Red constraint at g%, it will also violate it at g = 1. It then follows that

Condition (vii.) holds if and only if

n(cy,) > max(c) s.t. Up(c;1) > Uy, (IA.9)

c

where Uy (c; g) is b’s utility from contract ¢ and belief 4. In words, the absence of a prof-

itable deviation requires the equilibrium profit to be greater than the maximum profit

subject to hiring only Blue workers.

In a partially tight labor market only Blue workers apply to Mixed firms. Below we

focus on the modified conditions from the list (i)-(vii) presented before:

i. Workers’ lifetime utilities are

1.

Uy == u(wy,) + 0u(w;,
= () 1( ir) (IA.10)
Uy == u(wy,) + =0u(wy,,)
thatis g* := 1 and U; = 0.
Type-m firms choose cj, optimally:
nt(cy,) = max Ry — wpyy, + ny(R; — wyy,) (IA.11)
i, Wi Whim
subject to
1
u(wy,) + nTH”(me) > Uj. (IA.12)

m

Therefore, the optimal contract must satisfy the following marginal conditions:

u; — u(w;"m)

R; = wj
) Im T ul(wikm)

(IA.13)

u'(wf,) = 0u'(wy,,) (IA.14)
Notice that the wages are independent of .
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Conditions (iii.) and (iv.) are as before.

v. Red workers do not deviate and apply to Mixed firms:

(1 — B)ou(wy,)

*
nm

u(@wry,) +

<0 (IA.15)

vi. Labor markets clear:
s*ny, F = ayE

: A.
(1—=s)F < (1—-ap)E 1410

We can further rewrite the non-deviation condition, using the marginal conditions for the

optimal contract c;, and the expression for Uj;:

(1 — p)Ou(w,,)

Gu(w;m)
u’(w;‘m) (Rl—wl*m)

u(wjy,) + <0& u(wj,) + (1 ' (wj,) (R —wj,) <0 (A7)

Since the wages wy, is independent of 3, the left-hand side of the non deviation condition
is decreasing in . For B = 1, non-deviation requires u(wj, ) < 0. From Assumption 1(ii),
u(R;) < 0and since wy, < R;and u/(.) > 0, it follows that u(w; ) < 0 and there exists a
B < 1, where B is given by u(w}, ) + (1 — B)u’(w}, ) (R, — w}, ) = 0, such that for § > B

only Blue workers apply to contract cj,.

IA.II Equilibrium for < Buin

For completeness, in this section, we present the comparative static with respect to g for
B < Bmin- From Proposition 5, if B < fmin we know that s* = 1, that is all firms are Mixed
tirms and hire both Blue and Red workers. The span of control in all firms is the same and
equal to n, = % and the fraction of blue workers employed by each firm is the same as
the fraction of blue workers in the worker population, i.e., g* = a;,. We now discuss the

effect of the bias on wages, utilities, and profits.
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Figure IA.1 is the equivalent of Figure 2B, including the wages in Mixed firms for
values of B € [0, Biin]. An increase in the bias B decreases the outside option of Red
workers U;. A lower U, leads to a higher entry-level wage wy, . Differently from the case
with two types of firms, as 8 increases, the span of control (1;,) remains constant and the
wages in the top job w; = decrease.

Figure IA.2 shows that, as expected, the equilibrium utility of Red workers decreases
with the level of the bias B. The effect of the bias on the utility of Blue is more subtle. On
the one hand, higher B increases the probability of promotion, on the other hand, it de-
creases the lifetime utility of Red workers thus leading to contracts that are less favourable
to all workers. In the case where all firms are Mixed, the direct effect is stronger and thus
leads to an overall increase in the lifetime utility of Blue workers.

Even though p negatively affects the bargaining power of Red workers, the distortion
that the bias creates relative to the efficient contract dominates and for low values of 8 the

firms profits decrease, as shown in Figure IA.3.

— Whnm

\
\
\ X

Subtle bias, B
Figure IA.1: Wages in Mixed firms, w;,, and wy, .

Note: This figure presents the equilibrium wages in Mixed firms for top job i, w;, (solid line), and
entry-level jobs I, w;, (dashed line), as functions of subtle bias, § > 0, for 6 = 10.0, R; = 0.75,
ap = 0.5,and e = 2.0.
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Figure IA.2: Utilities of Blue and Red workers, U; and U’

Note: This figure presents the equilibrium utilities of Blue workers (solid blue line) and Red work-
ers (dashed red line), LI} and U, as functions of subtle bias, p > 0, for 6 = 10.0, R; = 0.75, &, = 0.5,
and e = 2.0. The horizontal dotted line represents the equilibrium utility, U; = U; = U*, in the

benchmark case, B = 0.
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Note: This figure presents the equilibrium profit of Mixed firms, 7t*, as a function of subtle bias,
B >0,for =10.0,R; = 0.75, R, = 4.0, oy, = 0.5,and e = 2.0. The horizontal dotted lines represent
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Figure IA.3: Firm profit, 7*.

the equilibrium profit, 77*, in the benchmark case, p = 0.



IA.III Bias-reducing technology

In this section, we consider an extension of the model, where the mass of firms F is given
but firms have the possibility to acquire a bias-reducing technology or alternatively take
a costly action that allows them to credibly reveal to workers that 8 = 0, before choosing
a contract c;. The per-period cost of the technology is I. A firm T chooses to acquire the
technology only if:

mo(cp) — I = mp(cp), (TIA.18)

where cj and CE denote the firm’s optimal contracts when it is perceived to have no pro-
motion bias and bias f, respectively, and 7o(cj;) and nﬁ(c/’g) are the corresponding profits.
Note that in firms with B = 0, for a given contract, Blue and Red workers have the
same expected utility. In biased firms Blue workers have strictly higher utility than Red
workers for the same contract.
In this section, we are asking whether allowing firms to acquire a costly bias-reducing
technology could eliminate the equilibrium effect of the subtle bias and restore efficiency.

The next proposition shows that it cannot.

Proposition IA.1. For any I > 0, there is no equilibrium in which all Red workers are employed

by firms with B = 0 and the equilibrium contract is c*.

Proof. 1f all Red work in firms with f = 0, then in firms with f > 0 there are only Blue
workers. With only Blue workers in biased firms, the bias does not affect the expected
utility of Blue workers and therefore their contract. In order to eliminate the effect of the
bias it must be that U;" = Uj;. In that case the contract offered by both types of firms is c*
(as defined in Proposition 2), so that cj = ¢ = c*. This implies that 7(c) = 7mg(c3), and

therefore condition (IA.18) is violated for any I > 0. O

Proposition IA.1 implies that a costly bias-reducing technology, even if available, can-
not fully eliminate the promotion bias. The technology is only valuable when the profits

of biased firms are distorted by the bias. If all Red work in firms offering fair promotion

7



lotteries, the bias plays no role in the firms with B > 0 thus eliminating the advantage

from acquiring the technology.
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